Chapter 7. Integrals

1 Mark Ouest|ons

1, Fing [ SCEtoe,

sin xcos® x Delhi 2014C

: 2

sin” X Cos X

Let/= | S g | S
SN~ X COS X SIN” XCOS™ X

= J sec’ dx -I cosec?x dx

=tanx + cotx +C (1)
2. Find j ﬂ—xd
cos® x All India 2014C
sin” X
Let/ = j n° dx = J tan® x sec’ x dx
cos® X
Put tanx =t
= sec’ xdx = dt
7
t tan’ x
l—jt dt =—+C= c M
7 7
3. Evaluate_{ ax
sin? xcos®x

Delhi 2014C; Foreign 2014

'%) Flrstly, dl\nde numerator and denom:nator by
| " cos"x and use sec’x=1+tan’x then put
tanx= - t and integrate.

dx
Let |= j T I
sin” cos” X
On dividing the numerator and denominator
by cos”® x, we get

sec? x - sec’ x
| = J = dx
tan® x

1+ tan? x) - sec? x
tan” x
Put tanx=t = sec? xdx = dt

TR 1
| = tz 3j1dt +Jt—£dt
=5 !:t—%+C
= | =tanx — cotx+ C %))
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i
4. Evaluatej cos (sinx)dx. Delhi 2014C

Let | = j cos (sin x) dx

= [ cos™ [cos (g - x)] dx

3\
g [E — x | dx [ cos™Y(cos 6) = 6]

2
=_J'dx—_ xdx=gx-%—+c

5. Write the anti-derivative of [3\/;+ -71_—]
VX

Delhi 2014

Anti-derivative of [3& + Jf,{)
_J(3J;+ T, dx-3jfdx+_[—~dx

1/2+1 [ =1f2%1
:3 2 +‘ _i_______ +C
1/2+1 _‘“UZH
=262+ X"+ C (1)

6. Evaluate I(l - X)I dx. HOTS; Delhl 2012

f ? F:rstly, muitlply the two functlons and then use

xn+1
Ix dx = +Cn#-1
n+1

Let /= [ (1= Vx dx = [ (Wx = xv/x) dx

- fo - k= 2 -2 4 C

n+1

[‘.‘Jx"dx: : +1,n¢—1](1)
n

7. Given, J.e"' (tanx + 1)sec xdx = e” f(x) + C. Write

f(x) satisfying above.
All India 2012; Foreign 2011
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) Use the elation [ ¢! [F(x) + /()] dx =€ FX) +C

Given that, j e*(tanx+1)secxdx=e*-f(x) +C
= j e*(secx + secxtanx)dx = e* f(x) + C

= e’ - secx+C =e"f(x) +
[ e+ f (0}dx=ef(9 ]

d
and — (secx) = secx tan x

: dx |
On comparing both sides, we get
f(x) = secx (1)
8. Evaluate j—dx.
1+cos2x Foreign 2012
ot fe [t
Y 1+ cos2x
2 2
= 5 dx [ cos20 =2 cos” 6 —1]
© 2Ccos’x
= | sec’? xdx = tanx+C (1)
9. Write the value of j X+C056X dx.
3x°+siN6X All India 2012C
Let!:j x;—COSE»x o
3x° +sinb6Xx

Put 3x’+sinbx=t

= 6x+6cos6x:-d—-£=>(x+ r:os6x)dx=ﬁ
dx 6
dt 1 1
A= a=g|og|t|+C [.I;dleog)d]
— [ Iog|(3x2 + Sin6x)|] +C &)
10. Write the value ofj 2
+16 Delhi 2011
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Let/ =
'[x +16 I
=L X,
4 4
dx . .
[I R AL Tx} (1)
X+ a a a
11. Write the value of ‘[—S?—c——idx.
cosec” x

Delhi 2012C, 2011

(1
sec? x | cos? x
letl=| — dx—j & MR AT
_ J- sin? x dx

2 (1
sin? x
cos? x

cosec” x
=J.tan X dx =I(sec2x—1)dx
[+ tan? x + 1= sec? x]
=Jsec2xdx¢J1dx=tanx—x+C

. _[ sec? x dx = tan x] (1)

12. Write the value ofjm dx.
cos™ x Delhi 2011
Leti=j2_3§|nxdxzj( 22 —-?’S“;x)dx
COS” X COS“ X COS“ X

= _[(2 sec? x — 3 sec x tan x)dx
= 2‘[ sec? x dx — 3 secx tan x dx

=2tanx—3secx+C (1)

sec’ x dx = tan x

and | sec x tan x dx = sec x
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All India 2011

j\f_ Im—sm x+C

l}- I__(jf_zsin"ii (1)
2 2

a“ —x d

2
14. Evaluatej. gx) dx.

All Indla 2011

) The dlfferentlatlon of Iog xisin denominator So, ;

firstly put logx=t and adjust the integral in |
terms of t and then integrate. |

Let 1= (log 0”
X
Put log x =t =>ldx=dt
X
(log x)* 5
[= dx=| t°dt
J= J
3 3
=%+C=(IO§’X} +C
n_:L X
15. Evaluate j > dx. All India 2011
1442 .
etan" X
Let | = dx
J T4x"
Put tan 'x=t = dx dt
1+ x°
etan“l
| = dx=|e'dt
'[ 1+ x? j
=e' +C [‘.'Ie" dx = e’]
t;an—1 X
=e +C (1)
16. Evaluate j(ax+b)3dx. All India 2011
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Let [z J (ax + b)? dx

Put t=ax+b
= g 9E—dx
dx a
3 4
Izjt—dt:l-E—+C
a a 4
4
=(ax+b) e (1)
4a
2
(1 + log x) 45

14. Evaluate_[
X

Foreign 2011; Delhi 2009

2
’;J£1+I0gx_)_dx
X

Let

"1 5
Put T1+logx=t = —dx=dt

X .

2 3

;:j“”‘)g") dx:jtzdt=t—+c
X 3
3
_ 9_.+ log x) 4 C 1)
3
2x =2
18. Evaluatejezx—e_ix— dx.

e +e Foreign 2011
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2x -
g — £
Let I=J‘mdx

Put e + e X =t

= (2e*-2edx=dt ['o'ditea*):aeax]

X
= (ez"—Efz"‘)a’x::g
2
| ez"—e"zxd 1 ¢dt
.l:j82x+e_3 24
:
=—loglt|+C
5 glt]
=%Iog|e2"+e*2"l+C (1)
19. Evaluate_[ s\/_
Foreign 2011
cosv";
let [= s
175
Put Vx =t
1
= dx=dt = —dx=2dt
2( Jx
I—ICOSI x:2jcostdt
—251nz+C:25inJ§+c (1)
20. Evaluatej cosxdx'
sin’ x

All India 2011C, 2009, 2008

2 COS X
Let f=) —
sin“ x

= — 2cosecx+C (1)
fur I cosec x cot xdx = —cosec x|

dx = _[ 2 cosec x cot xdx
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3.2,
21. Evaluatej'\f = W 1dx.

x=1 Delhi 2011c

) F:rstly, factorlse numerator  and cancel out
common from numerator and denominator and -
then integrate.

Letl=jx3_x +x_~]dx
x—1
J‘X(X—T)JrT #1)dx
_w +”(—u-—)dx=-[[x2+1)dx
X -1
3
g e (1)
3
22. Write the value of_[—_—sIM dx.

cos  x All India 2011C

=Jsec2x dx—_[secx tan x dx
=tan x - secx + C (1)

23. Evaluatejzcosx j
3sin? x All India 2011C

Get More Learning Materials Here : & m @) www.studentbro.in



2 COs X

Let I—*J-_—-—m—d
3sin? x
et sinx =t = cosxdx = dt
gl B Al
32 372 3 (-1
= " (sinx'+C= —2— +C (1)
3 3sinx
Alternate Method '
o Tuef S0 2L COS
3sin” x 37 sinx sinx
= —I cosec x cot x dx
3
= 2 —(—cosecx)+C= ——2~_-n +C (1)
3 3sinx
X3 -
24. Evaluatej =~ dX.
X Delhi 2010C

e e
Let /= j — dx = J' = ; ol
2

=J'xdx _J.',;fdx:%“':TJrC
2

& e (1)
2 X

25. Evaluate Isecz (7 — &4x) dx.

Delhi 2010; All India 2010
let 1= J sec’ (7 — 4x) dx

_ fan L= 4x) L C
-4
[ j- sec? ax dx = ..tdfﬁf]
| 2 |
=_tam(7’~—4:«')+C -
4
26. Evaluate J'Ioﬂ dx.
X All India 2010C
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Let !=I l_o_g_{ dx
X
1
Put |0gx:t = —dx=dlt

X

L ot | 'ngdx:j t dt =52i+c

X
2
_ (log %~ +C (1)
2
) X

2. Evaluate P dx. i All India 2010C
mezjzﬁm

2 =AY '-'Iaxdx=—§——

log 2 log a

Alternate Method
Llet |[= j2"dx

Again, let 2% =t

On taking log both sides, we get
xlog2 = Iogt

= Iog?.dx:Edt = K=

tlog?2

o tdt 1
J'mJ‘tIog,2_]0g2jdt

il e
log 2 log2 @
28. Eva!uatejb—g—sm—)()dx
tan x HOTS; All India 2009C
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) The differentiation of log (sinx) is tan x, which i
exists as denominator. So, solve it by
substitution method.

Let I:_l.lgg (st dx
tan x
Put log (sin x} =t
= bl cosxdx=dt = cotxdx=dt
sin x
1 1
= —dx=dt [ cot x = ]
tan x tan x
log (sin x)
f= — dx t dt
'[ tan x J
2 B 53
=%+C=(Iog5|nx) L C 1)

2 X
29. Evaluatej(cosec x — cot x) e* dx. Delhi 2009C

Let ] = '[(coseczx — cot x) e* dx
= _ I (cot x — cosec’x) e* dx

= — J. [ cot x + (- cosec’x)] e* dx

=—e"cotx+C
[\ j eXf(X) + f (N} dx=e*-f(x] (1)
2 x
30. Evaluate [225 X gy
g e-[ Jx All India 2009

Do same as Que 19. [Ans. 2 tanv/x + C]

sin \/_

31. Evaluate f All India 2009

Do same as Que 19. [Ans. — 2 cos+/x + C]

2
sec” x
L—— X,

32. Evaluate
J 3+ tan’ x Delhi 2009
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SE‘CZ X

Let T :
3 + tan? x

ax

Put tanx=t = sec’ xdx=dt

2
sec’ x
. 'f= ST K S [P dx:
J‘3+tanx j3+t I(@
5o () el T ”‘]
=—=tan" | —=|+C g e Y] S
3 J3 a‘+x* a a
1 tan x
=—tan" | —/— [+ C 1
v3 ( A3 ] .
33. Evaluate_[
Delhi 2009
2
Let f=j dx
1+ x°
Put1+ x> =t = 3x* dx = dit
= xzdngE
3
x? 1 ¢dt
| = T dX: ol
'[Hx"’ 3‘[ t
=—=log|t|+C [ i longl]
1 3
=§Iogi1+x\+C (1)
v
34. Evaluatejsm xdx. HOTS: All India 2009
Let i=Jsin3xdx=_[35mxusm3xdx

4
= %j?rsindx—l_[ sin3x dx

1 0s 3x
— -3 cos x+——— +C
4( 9 ] (D

4 Mark Questions
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35. Evaluate dx.
1+cos2x All India 2009
i—coton in? x
Let!:_[ }{1_(:252_de: i dx
\ 1+ cos 2x 2 cos? x
f-r cos20=1-25sin280
[ =2c0s’0 -1
:jtanxdx=|0g(§ecx)+C (1

2
36. Evaluatej (x —3) \/X +3x — 18 dx. Delhi 2014

. "D Here, integral is of the form |
L] ||’—'—
(px—q)Vax® + bx+ ¢, so firstly write x—3 as

x—3=Ad£(x2 + 3x~-18)+ B and find A and B.
X i

_The__n_,__integrate by using suitable method.

Let !=J (x—-3)\/x2+3x—18 dx
Here, we can write (x — 3) as
x—3=A-g~—(x2+3x—18)+B
dx

= x-3=A2x+3)+8B

On equating the coefficients of x and constant
term from both sides, we get

2A:1and3A+B#—-3

= =—1-and3><l+8=—3
2 2 |

= AzlandB=—-§—v3
2 2

= & = il B = (1)
2 2

Thus, the given integral reduces in the
following form

I=J{%(2x+3)—--2-} Jx? +3x - 18 dx

Ll
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= I=5'I(2x+3}\fx2+3x—18dx

—%j\[x2+3x—18 dx

1.9
=— I~ = ()
27 9"

where, |, =I(2x+3) \/xz +3x - 18 dx

Put x> +3x-18 =t
= 2x+3)dx =dt

l]=jt”2dt=-23—t3’2+C1 (1)

=~2§(x2 +3x =182 + C,

~and lzzj\-/x2+3x—18'dx

J(re2) e e

|y \
= \/x+§— —gdx

. \2 2
= \/x+§— -—(g)dx
A . 2
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[x+3)
X+
= 2 AV{_X2+3X""18

-%I0g [x+2] \/x +3x—1SI+C2

L |
‘[ e dx:ixfxz—az
2
2
= -§2—I0g|x+x}x2 =a

=2x:3ﬁ2+3x-—18

2X+3+\/,~»<2+3x—18 lJrC2
(M

On putting the values of /; and /, in Eq. (i), we
get .

_ﬁ,l
g o

| = F: (x* +3x =182 + Q]

L
2 (3

x“+3x—18
5 V

|2x+3

_?_[2x+3 ®

-.u__..i

a3 +\[x +3x—18|+C2]

= |= %()9 +3x—18)7"2

—3(2“3) Jx?+3x—-18

5 2o l‘2"’(+3+\/><2+3x—18|+C
16 | |
(1)
where, C =&—?-C—2
2 .
37 Eualuatef ket dx.
\/ X“+5x+6 All India 2014
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Here, (x + 2) can be written as
x+2=Aﬁ4ﬁ+5x+@+B
dx
= 'x+2=A@2x+5)+8B
On equating the coefficients of x and constant
term from both sides, we get
2A=1and 5A+B =2

= /ﬁ"x=-]—andthen8=wl (1)
2 2
{2](2x+5]*]}

J:-j 2 dx
Jx2+5x+6
:1 ) 2x+5 s

2 Jx2+5x+6
1

_EJ '\/x2+5x+6
1 1

=5 [t fre ()
3t g

2X+5

'[ \/x +5x+6

Put X>+5x+6=t

dx

where, |, = dx

= 2x +5)dx =dt

h=[—F+dt=2t +C

1%
=2 X2 +5x+6 +Cy ...(ii) (1)
1
d s = d
o L J-\/xz+5x+6 )

| 1
=_[ dx
J . ot o B =~ b B =
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£ 7

\{x2+2x”’xx+6—ff-+
2 4 4

dx

X+ Vx? - a?

{ | % = log ]

=¢lz=1og| x+g+xx2+5x+6|+(:2 (1)

(1)

On putting the values of I, and I, from Egs. (ii)
and (iii) in Eq. (i), we get

1:21{2 X +5x+6 +Cyl

_%[|Og|x+_5.+\/x2+5x+6|+cz:|

) |

= X% +5x+6 +%

x+§+\/x2+5x+6 ’-—%l

_llog
2

= lz\/x2+5x+6

—%Iog x+g+\/x2+5x+6 +C (1)
where,C:Ei—E?—
7 B
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38. Evaluate J (3x - 2) \/,xz + x + 1 dx.
Foreign 2014
Leti:j (3x — 2) /x% + x + 1dx

Here, 3x —2) can be written as
3x—2=Adi(x2 +x+1)+B=A2x+1)+B

X
On equating the coefficients of x and constant
term from both sides, we get 2A =3,

A+ B = -2, then

= A=éand3=-_—7 (1)
2 2

!=~231_[(2x+1)\fx2 + x + 1dx
—EJ\IX2+X+1dx

= I=1 -1, ..(1)
where, —-JIZx+1Nx + x + 1dx
Put X2 +x+1=t
dt
=> 2x+1——-—
X
—_[fdt . %t‘"“'2+C1

3"2 = (x* +J(+I)3‘*'2~+-C1

(1

and lzz—zzjxfxﬁz+x+1dx'

=—ZIJ(x2+x+1]+§dx
2 4) 4
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s 2
log [x+l + (x+l) + [3— +C,
T 2 2
[
2 4
%log{zxz+1+x}x2+x+1}]+cz

=T ox+ W +x+1-

2x2+1+\/x2+x+1
{-:I\/x‘? +a2dx=§\!x2 + a’

X+ V52 + a2

+C,

+a’log

+ C] (1)

On putting the values of i and I, in Eq. (i), we
get

i:(x2+x+1)3’r2—§(2x+1)\‘x2+x+1
21 (2-x2+1)+m

-—lo
6

where, C =C, +C, (1
39. Find [ (x+3)y3 - 4x—x? dx

+C
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Let/ = [ (x+ 33 - 4x - x’dx
Here, (x + 3) can be written as
(x+3)=A-—CL(3—4x-—x2)+B
dx

= (x+3)=A-4-2x+B (D

On comparing the coefficients of x and
constant term, we get

2A=1land-4A+B=3

> Azjand—-4x'_1+8=3
2 2
= A=—landB=1
2
[x+3):—-;—(-~4—-2x)+1 (1

Then, [ = J' {—l(—4~ 2X) +1}\[3 — 4x — x2dx

———J(4 2x)\/3 4x - x*dx
+J.\E 4x—x

:_%J’der+j\/7—(4x+x + 4) dx

(1)
[put 3 — 4x — x% =]

=(-2—xt ] J\ﬂf (x + 2)%dx
=L(3—4x—x2)-’”2+E{x+2)-/3—4x—x2

3
+§sin_1[x+2]+c

J7
2
[I 32_x2dx:%m.+§2__5m~1 le

a

(1

40. Find | PI=e ~dx.
1+2x+3x Delhi 2014C; Delhi 2013
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j 5x—2
1+2x+3x

Let 1)

Here, (5x —2) can be written as

5x—-2:Ai(1+2x+3x2)+B
dx

[ numerator = A - -:'— (denominator) + B]
X

— 5x—-2=AQ2+6X)+B

On comparing the coefficients of x and
constant terms, we get

5=06A :>A=E
6
and -2=2A+4+B = B=-2A-2

:-—5—2 :——‘I—! '.'A:E}
2 3 6

Then, from Eq. (i), we get

5 11

(2 +6X) (3)

{=1-0 2dx—j~——————2dx (1)
1+ 2x+ 3x 1+ 2x+ 3x
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where, l,=—5—_[ 6N 5 dx
67 1+ 2x+3x
Put 1+2x+3x* =t = (2+6Xdx =dt
f1=— gi:—'rllnt-t-Ci
6°t 6
5 2
= In|1+2x+3x°| + C, (1)
~and 12=—1—J- 5 o
3% 3"+ 25
_11y dx
5

[making a pérfect square in denominator]

_1_1_ dx
9 ( 1)2 2
X+ +
3
L1
]_]_L _1 " §+C
9 ﬁ V2 ?
3

3
REE ]
1 tan™ (%_ﬂ)f+C2 (1)

3J_
On putting the values of I, and /, in Eq. (ii), we
get
3 3 ._1(3X+1)
[=—=In{1+2x+3x ----—t + C
Rl | 342 V2
whereC =C, + C, (1)
2
41. Fmd_ll dx.
x* +3x%+2 All India 2014C
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? i} Flrstiy, putx =t and use parttal fractlon to write
- * Integral and in simplest form, then integrate by
__ using suitable formula.

Let | = 2 dx
jx4+3x2+2
Put x? =t
dt m
= 2x=—=(d
dx i 2x (H
tdt
§ =
th2+3t+2

—f dt
29 t+ 20 +1)

t+2 t+1

(1%)

[by partial fraction]
1
5[2 log[t +2|-log|t +1]]+C

x* 4

e ]

+C

(1)

t .
= log t2 +C =log

vt +1

xcos L x

1-x?
All India 2014C; Foreign 2014

42. Evaluate _[ dx.
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Let 1:]

Put cos 'x =t
On differentiating both sides w.r.t. x, we get

-1
dx =dt
V1—x?

!=—J.tcostdt (1)

Applying integration by parts, we get

= —[t_[ costdt — j(% (t)J cost dt) dt}

= —[tsint -—jsintdﬂz —tsint — cost + C

(1%)

Substituting the value of t, we get

I'= - cos™" xy/1— cos?(cos™' )

—cos(cos ' x) + C
[ sint = V1- cos?t

= {1- cos(cos™" )

=>I=—(wh-x2 ]cos‘“‘x+C

sin5+c056xdx
sin?xcos’x ~ Delhi 2014C

(1%)

43. Evaluatej
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b /

E ") Ftrstly, use a +b3 (a+ b) —3ab(a+ b) to
- write numerator of integrand in simplest form |
__andthen integrate by using suitable method

sm X+
let J=[ = C"’j X dx
SIN~ X COS™ X

T .[ (sin® x)® + (cos® x)°

ax
sin? x cos? x
(sin® x + cos? x)°
¢ |=3sin® x cos® x (sin® x + cos? x)
B .[ .2 2 dx (1)
sin? x cos? x

[ a®+b®=(a+b)’ —3abla + b)]
2
_J 1> —3sm X COS de

sin? x cos” x
[+ sin? x + cos® x =1] (1%)

. 2 2
sin? x cos” X
=I 1 > dx—3_|. = 5 dx
sin? x cos” X sin? x cos” X
. 2 2
_ sin®x+cos" X x“‘3j ke
sin? x cos® x
. 2 2
. cos® x
_ sin®x : | ox
Il sin? x cos® x  sin® x cos” x

—3I1dx
=j(sec2x + cosec’x) dx — SJ' 1dx

=Jsec2xdx+Jcoseczxdx—3j1dx

—tanx— cot x —3x+C (1%)
44, Evaluatej (35|nx2—2)cos.x dx.
5—-cos” x—=4sinx Delhi 2013C
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(3sinx — 2) COS X dx

Let | =
‘[S—Coszx-—élsinx

_j- (3sinx —2)cosx 4

1-—sm x) — 4sinx
Put sinx=t=> cosxdx=dt

|= | 3t"22 dt (1)
5 (1—t} 4t
_ I3t—
S (t-2)2
(-—2) 2)
=j dt+_[ 5 dt
t-2) (t—2)
-2+1 ;
3loglt-2+ X2 _1c o
-2 +1
n+1
[‘.'Jx”dx=X ,n;t—ii\
n+1
=3log|t - 2| - "
t—2)
4
=3log |sinx -2 -——++C
(sinx —2)

[putt = sinxj (1)
45. Evaluate _[ez“‘ (l_s'ﬂzi)dx,

—C0s2X Delhi 2013

{:) Flrstly, use tngonome‘cnc formulae f
7 sin20=2sinBcosB and cos20=1- 2sin’8 to

l write integral and in simple form, then apply
integration by parts to Integrate.
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il | J 92”(1“ szx]dx
1— cos2x

-Jez"( -2 smxcosx)dx (1)

2 sin“ x
-+ 1—Ccos2x=2 sin? x
and sin2x = 2 sin X COS X

=t _ [ ecosecx -2 cotnidk  (1%)

o 2 j e2x COSPC xdx - .[ sz cot x dx

=E[-—e "cotx-kj?.ezx cotxdx]+ C

_j e cot xdx

e2x
= _—— _cotx+ je?‘" cot xdx

-J e2* cotxdx + C

2x

=—§2—cotx+C (1%%)
46. Evaluate _[ 3x; LI
(x+1)%(x +3) Delhi 2013C
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Let/= 3"‘;1 dx
(x+1x+3)
Again, let 3x2+1
(x +1)“(x+ 3
A B (. )
& + + cuill)

x+1) (x+1)? ((x+3)

= 3x+‘l-A(x+1)x+3)+B(x+3)
+C(x+1)

—  3x4+1= AKX+ 4x+3) +Blx+3)
+Cx% +1+2%
— 3x+1=(A+O)x* +(4A+ B +20)x
+3A+3B+C (1)
On comparing like powers of x from both sides,
we get
A+C=0
4A +B+2C =3

and 3A+3B+C =1
On solving, we get
A=2B=-1landC =-2 (1)

. Eq. (i) becomes
3x +1 ok 1 2

- - (1)
x+1)2x+3 x+1) x+1)? (x+3)

On integrating both sides, we get

3
I:,[ x2+1 e
(X +1)(x + 3)

_'[(x+1 B = -[

= 2log|x +1- ¥+
(=2 +1)

1x+1' 1
=x+3| (x +1)

2
dx—
j(x+3]dx

x+1
]) —241

—2log|x+3|+C

= 2 log

+C

|:'.'Iogm logn = log }(1}
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sin{x— a)
= “Tdx

47. Evaluatej :
sin{x+a) Delhi 2013

Letl: J. Md}(
sin(x + a)

Put x+a=t
= x=t—a = dx=dt

lrj-sm(t‘—Za) o 1
sint
5 ’=_[ smtcosZa’—- costsm2adt 1)
sint
[ sin(x —y) = sinx cosy — cosx siny]
. l=j 51ntc052ad Icoststa

sint sint

= cosZaj dt — sinZaJ' cott dt (1)

=tcos2a —sin2aln|sint|+ C

=(x+ a)cos2a—-sin2aln

|sin(x+a)|+ C (1)
2

48. Evaiuatej

(x% +4) (x* +9) * Delhi 2013
: |
Let I=_f ; 8 dx
(x* + 4)(x* + 9)
T p25%% 4o 4 <)
= — 5 5 dx
29 (x*+4(x“+9)

dx

x*+ 4 1 x> +9
> > dx+-J. 2
Y (X2 +4)(x2+9) (x +4)(x2+9)

N =

-—j dx (1)

x +4(x +9)

=1J‘ dx +1J dx

27 %249 244244

1 13
—— dx
'[(x2+4)(x2+9)
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x*+4) (x*+9)

I a et tan”' X and apply partial
a a

}dx (1)

fractions in third term

-1 X
—[+C
30 [3] )
+ tan“(g) (%-— %J +C
=tan™" {i) (5 wil 3) +tan™! [—{) [5)—1-1—3-) +C
3 30 2 20

s
=, 10 ¢ '1(—)-<—)+—E-§'—t.‘:m1 i)-{-C
30 3) 20 ’
3\
. —— (3(-]—3tan" (3‘- 'Y M
5 3) 5 2
49, Evaluatej gx ge d |
(x*+4) Delhi 2013
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s

Letl—sz(x2+4) dx
Put x? =t and then using partial fraction, we
get
2t+1 A B
' tit+4) t t+4
=5 2t+1=A(t +4) + Bt (1/2)

On comparing the coefficients of t and
constant terms, we get "

2=A+B and 1=4A= A=

A=

1._&

B=2-A=2--—=" 1
1 7 (1)

Ix wi 1 7
Then, = . T
x“(x“+4) 4x 4x° + 4)

dx
= 4'[ _‘[x +4

:_l+ztan1(i)+C (1'%2)
4x 8 P
50. Evaluatej X+l X.

(x? +4)(x* +25) Delhi 2013
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2
Leti = [ =21 dx
(x“+4)(x°+25)
X2 +1 A B
Again, let 2 =——+—
x>+ (x*+25) x“+4 x°+25

[by partial fraction] (1)

Atx =0, i E 1
4 25 100
= 25A+4B =1 L) (1)
At x =1, - é ﬁ-—
5x26 5 26
. A B 1'
ﬁ —
5 26 65
=0 13A+%B=1
= 26A+5B=2 G310 (1)
On solving Egs. (i) and (ii), we get
Bzesl B =i
7 7

'lﬁ—lJ‘ dx +§ dx
. x24+4 77 x*+25

= - l~-1—tan"' (x]+§-ltan" (i]+c
Fa. Y. 7 5 5
[ J 2= tan” (5-]] (1)
| a‘+x° a a
Wl tan”(i) p 2 tan”(f(—) +C
14 2 35 5

_cos?
51. Evaluate | COSeX—COBe0l 4.

COsx—Cos All India 2013
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» COS2X— COS20L
dx

Let fi=
COS X — COSOL

- (2 cos’ x—1)—(2 cos’ o —1) dy
: COS X — COS Q!
[rcos2B=2 cos?0 —1] (1)

2 2
2(cos” x—cos™ o
=I ( -}- dx
(COs X — CcosOQ)

_ _[ 2 (cos x — cos@) (COS X +COSQ)
(cos x — cosat)

[-a?-b?=(a+b)a—-b] (D)

- _[ 2(cos x + cos o) dx
= 2|:J cosx dx + cosocj dx]

= [ =2(sinx+xcosa)+C (2)

X+2
52. Evaluatej dx.
X2 +2x+3 All India 2013
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X+2

Let 1= dx

T K +2x+3
s i | X+1 dx+_[ dx

T X+ 2x+3 Jx2+2x+3
= =l £l i) (1)
where, I, = i il dx

) \/x7+2x+3

- t
=|-dt=|dt=t+C
Jode=[dt=t+C

pu’tt2 = x2 +2x+3=2tdt = 2x+2)dx
=t dt = (x+1dx

:\frx2+2x+3+C1 (1)

dx dx
and I, = = —
¥ IJx2+2x+3 '[\/(;x+1)2—th(~f2)‘I

=log {{x+1) + \/;2+2x+3}+C2
[ j —d}—(——~ = log(x + Vx* + az)} (1
Jx? + a2
On putting the values of | and/, in Eq. (i), we

get
I=+/x* +2x+3 +C,

+log {(x+1) +x? +2x+3} +C,

x> +2x+3

+|0g{[x+‘l) + \fx2+2x+3} +C Q1)

“where, C -—(:1+C2

53. Evaluate
j x(x +3) HOTS; All India 2013
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dx x*
b Nttt eI
i '[ x (x> + 3) x° (x° +3)

[ multiplying numerator and
denominator by x*]

Put t=x" = dt=5x"dx

= (1)
J5t(t+3)
LY L1 IR 7
5431t t+3
=1i[log|t|_log|r+3\]+c (1)
t
—iog — |+ C (1)
15 t+3
1 log| X
—lo
15 B x> +3
54. Evaluatej
X(x +1) All India 2013
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dx

Let /= [——
x (O +1)
dx
=
X(X+1D)(x2=x+1)
[ra®+ b =(a+ b)a*+ b? -ab)]
Again, let
1 A B Cx+D
=+ 4

XXx+DXZE=x+1) X X+1 x2=x+1

1= (X+1) X% =x+DA+Bx (x> —x+1)

+x(x+D({Cx+D)
—x+1)A+B(x3—x2+><)

+(x* + X (Cx+D)

= 1=AC +1D) +B( =x*+x)

-_,*:1=(,»<3'—><2+><+>c2

+(Cx +Dx* +Cx% +Dx

= 1=(A+B+ O + (=B + D+ CO)x?

+B+D)x+ A1)

On comparing the coefficients of different
powers of x from both sides, we get

A+B+C =0 (D)
~-B+D+C=0 (i)
B+D =0 .. (1)
and A=1 ..(iv)
From Egs. (ii) and (iii), we get
C~-2B=0 (V)
From Egs. (i) and (iv), we get
B+C=-1 : Y}
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From Egs. (v) and (vi), we get

B ). B el s o
3 3 3
[ _2x 1]
= [ jlﬂ L3 3|4
(X +]) x 3x+1) x“—=x+1
5 I:ng:’___ ax. _j 1-2x
X x+1 x+‘1
1 2x—1
=/=lo x—-—Io x+1|—-—-| — dx (1)
Bl x| 3 d | 37 x2—x+1
Put t=x"—Xx+1
= dt = (2x-1)dx

dt
s P=log]x ———Io x+1—— s
g x| 3 gl l 3] 7

=log| x| — %Iogjxﬂ\ —%I0g|t|+C

= log| x| —%Iog{xﬂ{—%loguz—x+‘1I+C
[putt = x* — x + 1]

= log| x| - %1og|(x+1)(x2—x+1)|+C
[-logm + logn = logmn]
=tog1x\-%|og|x3+1|+c
| x|
[ +1|" -

I: logm — logn = log _n_1] (1)
n

= log| x|~ log|x* +1] "*+C = log

55. Evaluatej (
X
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et ’2‘[ X3+E? jxfx STy &

—j ...(i)

x(x+2)( 2x+4)

[ %+ a° =(x+ a)(x* + a? — ax)]

Now, for partial fraction method, write
1 _A B % Cxit1D

x(x+-2)(x2-2x+4) X X+2 x?—-2x+4

= 1= AX+2)(x%~2x+4) +Bx(x* - 2x+4)
+(Cx+ D) (x> +2x)

= 1= AN =2x*+4x+2x* — 4x+8)
+ B(x* = 2x% + 4%) + (Cx* + 2Cx* + Dx? + 2Dx)
o 1= A(C +8)+ B =2x* +4x)
+(OF +20x° +Dx* +2Dx) (1)

= 1=(A+B+0O)x +(-2B+2C +D)x’
+(4B + 2D)x + 8A

On comparing the coefficients of different
powers of x from both sides, we get

A+B+C=0 soclI)
-2B+2C+D =0 ...(iii)
4AB+2D =0 (i)
and 8A=1
. g 1
8

From Egs. (iii) and (iv), we get
—2B+2C-2B=0 = -4B+2C =0

) C=25 V)
On putting the values of C and A in Eq. (ii),
we get
14+B4+28=0
8
= B=- s and C = -
24 12
1
and D=— (1)
12
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Now, substituting the values of A, B, C and L)
in the given integral, we get
1

x(x + D% =2x+ 4)_

—1 1
1__“__1__ 12 12__
8x 24(x+2) x° -—2x+4
i -x 1)1
| 1 12 712
!:I —— R e L
8x 24(x+2) x*-2x+4
L g
_dpde 1 g dx
84 x 247 x+2
-1
g
127 x“=2x+4
=-—|0g|xla—10g\x+2\
1 22><+2 Y
247Y x*=2x+4

1 1
=—lo ——log|x+2
z AR ey gl1 |
——log|x*—2x+4|+C
53 g| |
[letxz—2x+4:t:>(2x—-2)dx=dt]
1 1 2 ,
= —lo — —log|(x+2)(x"=2x+4|+C
= g|x| - los| |
[ logm + logn = logmn]
l0g|x|—5--Iog| X +8)[+C
[:(a+b)(a2—ab+b?=a>+b]

{loglxl - -3-|0g|x3 +8|} +C

flog| x| - log|x* +8]"} +C
(1)
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56. Evaluate Jsmx .sin2x-sin 3deH0TS; Delhi 2012

() Itisa product of three trigonometric functions. .
‘' So, firstly we take two functions at a time and
use the relation 2sinAsinB

= cos(A - B) — cos(A + B) and then integrate it. .

let = j sinx sin2x sin3x dx
= %—jsinx(Z sin2x sin3x) dx

[multiplying numerator and denominator by 2]

= ;— J’ sinx[cos(2x — 3x) — cos(2x + 3x)] dx

[-2 sinA sinB = cos(A —B) - cos(A + B)] (1)

1
= — | sinx[cos(=x) — cos5x] d
2'[ in x[cos(—x) — cos5x] ax
= %J. sin x (cos x — cos5x) dx [ cos(—x) = cos x|

=ljsinx cosxdx—-ljsinx cos5x dx §))
2 2

= lj2 sinx cosx dx — 1 j(2 sin x cos 5x) dx

4 4

[multiplying numerator and denominator by 2]
1¢ . 1 :

= ij. sin2x dx — 2 J {sin(x + 5x)

-+ 2 sinx cosx = sin2x and
2 sinA cosB =sin{A + B) + sin(A - B)

" ; [ sin2xdx~ f—,,I [sin6x + sin(=4x]dx (1)

1p .. 1 |
= Zj 5|n2xdx—~4- I (sinbx — si-n 4x) dx
[ sin(—B) = — sin@)]
_ =1 cos2x 1 [- cos6x . cos4x] c
i) +C

4 2 4 6 4
[...j Sinaxdx s - COsS ax
a
—CO0S2X COsSbX Cos4x
= + o sl
8 24 16 +C (1)
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2
dx.
5. Evaiuatej - )(1+ 2 ST

* Here, denominator s 2 product of two a!gebrau.

% functions. So, firstly we use partial fraction
~method and then integrate it.

2

Let [_'[(1—x)(1+x2)dx
Again, let = A gL 5
1=x04+x7) 1=-x 1+ x?
(1
_ 2 _A0+x) +Bx+C)(1-x)
1-x 1+ x?) (1—x) (1+ x%)
= 2=A0+x)+Bx+C)(1-x
= 2=A+Ax? +Bx+C - Bx? - Cx
= 2=(A-Bx*+B-O)x+(A+C)
(1

On comparing coefficients of x% x and
constant terms from both sides, we get

A-B=0 .«<(H)
B-C=0 (1D
and A+C=2 ..{iv)
On adding Egs. (ii) and (iii), we get
A-C=0 .. (V)
On adding Egs. (iv) and (v), we get
2A=2=A=1

On putting A =1in Eq. (ii), we get B=1.
On putting B = 1in Eq. (iii), we get C =1.

Hence, A=1B=1andC =1 (1)
Now, Eq. (i) becomes
2 _ 1, x+

A-x0+x%) 1-x 1+x2
On integrating both sides w.r.t. x, we get
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—I( sec —+tan—;~]e dx
= J. e~ (tan£ +1 sec? E) dx
2 2 2

On comparing it with
J e*[f(x) + f’(¥]dx = e* f(x), we get

)

2 X

f(x)=tani = f"(x)+lsec -
2 2 2

I=e"tan§+C (1)

2 1
gl e [
(1= x)(1+ x%) 1—x 145"
=—log{l— x|+ dx +
F | J.1+:~{ j1+x
= —log|1- x| + Iog’1+x‘+tan x+C
put1+x2:t
= 2xdx=dt = xdx=dt/2
dt 1
k3 d*— —:—~|0 t—~—lo 1+ x?
_ I1+x == glt| = —log1+ x|
(1)
1+sinx | &
luate e’dx.
58. Evaluate | [ +COSXJ All india 2012C
. Let i:j[”s‘"")e"dx
1+ cos x
‘H—2.c,in?--<-cos-?-<
=I 2 = 2 - e* dx 4]
2 cos® =
2
’_ sinm=2 s.irlE (:osE
2 2
and!+cosm=2c052£;—J
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2

59. Evaluate I — >dx.
(xsinx+cosx) All India 2012C
2
Let l= j u dx
(x sin X + cos x)*
X COS X
= [ = -xsecxdx ...(>i)(1)

(x sin x + cos x)*
Again, let  xsinx+ cosx =t
= (x cos x + sin x — sin x) dx = dt

= X Cos xdx = dt
i __[ X €Os x dx |
| =

(x sinx + cos x)?

=Jﬂ_j_ =1
t> t  XsSinx+cosx M
Now, integrating Eq. (i} by parts, we get
X COS X
J:jxsecx- , > dx
1 (x s1nx+ci(1)sx)
(=1
= X SeC X - —
X Sin X + COS X
—dXx
—j(1-‘secx+xsecxtanx)- - (1)
X $in X 4 COS X
— X sin x dx
= XSecx +jsecx(1+ ) -
X sin X+ Cos X CcOS X J Xsin X+ COS X

—X 5ecx
- + J sec? xdx

X Sin X + COS X

... SRS )

X Sin X + COS X

2x . -
60. Evaluate Je sin x dx. Foreign 2011
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Let I—Ie smxdx

On taking sinx as | function and e as
Il function and integrating by parts, we get

[ =sinx J e dx — j {Ed:; (sin x) j ez"dx} dx (1)

2x

. 2x :
= Izsmxe _Jcosxe dx
2 2
eXsinx 1
s - ——jez"‘ cos x dx
2 2
25 _.:
- 1:9——5‘—”—"—111 RONe))
| 2
where, Il—je cosxdx

On integrating by parts again by taking cos X
as | function and e?* as Il function, we get

ll=c05xje dx

~ J {g—x (cos X) I ez"dx} dx

cosx - e (= sinx)- e
——'—————-J dx

= L=
2 2
2x
i :
= 11:3—C9§—5+—Iez"smxdx
2 2
2x
= I1=E——(2£E§-+ 1 ...(ii)

1
2
[ jez" sinxdx = l] (N
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On putting the value of I; from Eq. (ii) in
Eq. (i), we get

eXsinx 1{eX¥cosx 1
== =z +—1
2 2 2 2

eXsinx e*cosx 1
=5 | = — =5 —
2 4 4
il 1_,_1;:@2"(5'”)(_(30”]
4 2 4
Al 5l _ o 25inx-—cosx)
4 4
i lzﬂeh(zsmx~cosx}
5 4
= 1=1/5 e® (2 sin x — oS X) (1)
61. Evaluatej ol dx.
\/x - 8x+7 Foreign 2011
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3x+ 5
Let I—I\lrxzraxﬂ_?dx

Here, (3x + 5) can be written as

3x+5=A-i(x2—-8x+7)+B
dx

= 3x+5=A@2x—-8)+B i)
=3 3x+5=2Ax+(B—-8A) (1/2)

On comparing the coefficients of x and
constant terms from both sides, we get

2A=3 - ki)
and -8A+B=5 (i)

From Eq. (ii), we get A = %

On putting A = —2— in Eq. (iii), we get

—8(?1)+B=5
.

= —~12+B=5

=5 B=17 (1/2)
On putting the values of A and B in Eq. (i), we
get

3x+5=-2—(2x—8]+17 ...(iv)

Hence, the given integral can be written as

;(2x—8)+17

=j Jx2—8x+7

[:i 2x -8

dx  [using Eq. (iV]]

= dx
2 \/x2—8x+7
+I7I 0
\/x2—8x+7
3
where, 11—j i dx
\/x —-8x+7
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Put X2 —8x+ 7=t

= 2x - 8)dx=dt
dt
h=|==[t"d
LS
12
= ,’_]z_t.._
1/2
= L =2t" = | =2+t (1/2)
= I1=2\/x2—8x+7
and 122 i dx
N B T
dx
— l, =

T X2 —8x+7+16-16

dx

Jo

‘ J\/(x—4)2~9
dx

) Jox— 42 - 32

l =log|(x— 4 +(x— 4% - (32 |

J‘\/*dx—log|x+w’x -a?|| (1)
x“—a

Hence, putting the values of I, and /, in Eq.
(v), we get

1:%(2 JX =8x+7)

+17I0g|(x—4)+\/(x—4)2—9|+C

— 1=3Jx2—8x+7+17log|(x-4)

+Jx=92-9|+C (1/2)

+ 4
@ dx.
+ 16 All India 2011C

62. Evaluatej
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P — F—

"“? Firstly, divide n numerator and denommator by x* |

~and reduce the mtegrand in standard form.

X"+ 4
Let [ = dx
Jx" +16
On dividing numerator and denominator by
xz, we get
(2], -3
—_ X _ X
J_J' == dx_j RY dx (1)
X“+— (x——-] +8
X X
Put x—ﬂ=t =3 [1+i2)dx=dt
X X
dt dt
. = (1)
jt2+8 I 12 + (24/2)2
1 s T )
Se——tan ' | —= |+ C
NE \-2\5
dx 1 _1(?()
=—tan | —
[ ja‘7'+33<2 d a ]
( 4
1 1 x_;
= ——tan~
) 232
\
(2
1 11 X — 4
=— tan (2)
2\/5 \2\/—)(]
3. Evaluate
6 jx +1 Delhi 2011C
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x2+1
pt 1

Letf=_[ dx

On dividing numerator and denominator by
2

X", we get
(+3) o o3
(xz g XZ-) (x" + > F P 2)
(-3
2
=j ; dx (1%)
(x - 1) +(+/2)?
X/ .
Put x - — (1)

= tan™' (%] +C

,[ & =itan'1(§-]
LG a

( 1
x__.

V2

\
(2
lzitan'1 A 1J+C

N

sin x — COS X
64. Evaluatej

=

>

:Ltan +C

V2
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) In this type of integral, first we make a term in
~* denominator such that whose differential
coefficient present in numerator and then
integrate it.

¢ SN X — COS X
Let /= it

L sin 2x

[ sinx-—cosx d 1)
- \/1+sm2x—l

SiN X — COS X

I

dx

| ;
\sin 2 x + cos? x+2 sin x cos x—1
[ sin@ + cos’ 0 = 1]
Sin X — COs x
:I dx (1)

|
JGsin x + cos ¥ —1

Put SinX + cos x =t
= (cos x — sin x) dx = dt

I=J%=—Iog(t+~,/t2—1)+c

jTgi_?zlog(x+ x? —a®) | (1)
X —a

= I=—log|(sin x + cos x)

+\/(sinx+cosx)2 —T|+C
[ t = sin x + cos x]
= —log| (sin x + cos x) + 4/sin 2x | + C (1)

2X
. Evaluate dx.
65. Ev I(xz +1)(x2 +3) Delhi 2011
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Let I=_[ eX dx

1+ x%) (x* + 3)

Put x> =t
= 2xdx=dt
’=J dt
t+1D 3B+
Again, let ] e + 4
t+H3B+t) 4+t 3+t
=5 1=A3B+1t) + B1+1)

On putting t =-3, we get

T
2

Now, on puttingt = — 1, we get
1=2A4 = As=1f2

(1)

o1}

(1)

On putting A =21 and B = —% in Eqg. (i), we

get
1 _1/2+—1/2
I+ 3+t 1+t 3+t

On integrating both sides, we get
1 1 1 1 1

-[(1+t](3+t) 271+t 273+t

1 1
=—log|1+t]——log|3 +t
~ log| 1+¢] - ~-log|3+¢]

dt=—|—dt-—|——dt

(1/2)

dx
[ — =log| x 1}
X

=—;~|og]1+x2|-21log|3+x2|+c

1+x2
3+ x2

1
l=—lo
5 g

+C

[ log m — log n = log “n1:| (17%)
n
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Delhi 2011; All India 2010
Do same as Que 37.

[Ans. 5\/x2 + 4x+10

—7log|x +2 + VX2 + 4x + 10| + C]

67. Evaluate jez" (E—til—n—z—{)d :
1+ cos 2x All India 2010C

Do same as Que 45. [Ans. % e tanx + C]

dx

(X +1) (x> +2) Delhi 2010C
Do same as Que 65.

[Ans. tan™' x — 715 tan“l(:/%) + C]

69. Evaluate I[log (log x) + E{;L—X)E] dx.

HOTS; Delhi 2010C

68. Evaluatej

) Use mtegratlon by parts i.e.

e de_“”d"”]{%“fvdx}dx} and  also

remember ILATE whenever use it.

1
let [= log (log x) + d
J[ B Eag (Iogx)zJ g

—Ilog(logx 1dx+_[

dx (1/2)
(log x)

Get More Learning Materials Here : & m @) www.studentbro.in



Using integration by parts in first integral, we

get
| =log (log x) I1dx - J.[g; log (log x) j1dx] dx
+j ! > dx + C (1/2)
(log x)
zlog(logx)—x—j 1 -1-xdx
log x x
+ I dx + C
(|0gx
= x log (log X) — Iﬂog x) " 1dx
T
+| dx +C (1)
(|0g x)?

Again, applying integration by parts in the
middle integral, we get
I = xlog (log x) — [(log )™ j1dx

j{ (log x)~ j1dx}dx] |

dx + C

(log x)*

(M
X 3 1

=xlog(logx}—|: — (log x) --xdx:l
log x X

+ j dx +C
(Iog x)?
= x log (log x) — - dx
Ak log x j(Iog x)?
e I 1 dx + C
(log x)
= x log (log x) — +C (1
log x
70. Evaluate I dir dx.
Jx=2 (x-3) All India 2010
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Do same as Que 61.

(-5

N T 3)1 + C]

[Ans. x> -5x+6 +%Iog

i
1. Evaluate dx.
j x(1 — 2x) Delhi 2010
2 2
Let =J‘ Lt d><=j1 xzdx
x(1—=2x) X —2X
Given integral can be rewritten as
1 1- i X
|= j 42 ldx (1)
2 x(1-2x)

- -

Get More Learning Materials Here : & m @) www.studentbro.in



di+

e IX j 1—2x) 0
(1—lx) A 5

VA S R i
x(1=2x) x 1=2x

e 1—%X:A(1—2x)+8x (i) ()

On putting x =0 and x = % in Eq. (iii), we get

1-0=A(1-0})+0

= A=1
and 1«———[1) A[1—2(J—)]+B(l)
o \2 2
= ——1-—/\[1-1) 18
4 2
— e —1—8
4 2
=5 B-—E (1)
2
On putting the values of A and B in Eq (ii), we
get
1——]--x
9. i+ 3/2

x1-2x) x 1-2x
Then, from Eq. (i), we get

T2
=%Idx+j dx+J.1_2x

}_log|1;2x|+c

[J ! dx=—llog1a—x|]
a-— X a

=%x+|og|x|—ilog11—2x[+c (1)

2. Eva!uateje [Ml——) dx.

— Cos Lx

=lx+log|x\+
2

Delhi 2010
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- ( 1 —
Let [=|¢" S |
¢\ 1-cos4x

/ :
L 2 sin 2x‘c252x 4 i 1)
v \ 2 sin~ 2x
i I o 2 5|n2.x2c052x i 42 i 0,
2 sin” 2x 2 sin“ 2x
=J e* (cot 2x — 2 cosec? 2x) dx

On comparing with
j e*[f(x) + f ()] dx = e*f(x) + C, we get

f(x) = cot 2x _
= f’(x) = — 2 cosec? 2x
| =e*cot2x+C ' (2)

inx+
73. Evaluate j i . cos X dx.
sin2x  HOTS; All india 2009C

Do same as Ques 64.

[Ans. sin~'(sin x — cos x) + C]

usej dx =sin~'x
1 =xb
4. Evaluatej 2t - dx.
\/ 7-6x—x Delhi 2009C
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s J’ —~(=2x — 6)_— 1

=2t =2{7-6x-x* (1)

- dx
And I, =| \/7-6;(_;(2
_ dx
S -7 +6x+x2+9-9)
_ dx

'J~Hx+32~1ﬂ

=5 l5 =
’ JJ _x+3?
R | X+3
= ¢ — |+ C 1
sin [ r ) (1)
J dx _1 X
W.__“___.T_?:mn _
5% X
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On putting the values of [; and /, in Eq. (i), we

get
l:—Z\/7—6x-x2 B (i?-)+c (1)
dx
5. Evaluatej ~
5—4x—2x All India 2009

Get More Learning Materials Here : & m @) www.studentbro.in



) Firstly, make a perfect square in denominator
~*  partandthen integrate it using suitable formula.

Let /=

J dx
V5 - 4x — 2

- | i 5
\/-2 (x2+2x—2J

‘ [ — =

\, x + 2% — ----+1—1]
\/_j (1)
‘/ (x +2x+1) - 5—1]

2
\/ (x +1)* (—5+1):|
; 2
el ’ — (1
(x+1)2-—]
VL
1 dx
7=
\/(\E] 4T
()
e L et [ B (1)

:% sin”{\ﬁi%ﬁ)} i (1
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X

76. Evaluatej 3 dx.
\[5 Le" —e

HOTS; Delhi 2009
Firstly, put e* =t = e’dx = dt, Then, do same

as Que 75.
X
i:Ans. sini(e pik ] + C}
3
X+ 3

7. Evaluate I—i—-— dx.

X<—2x=D5 All India 2008C
Let f frge” ~ s

X" —2X -0

Here (x + 3) can be written as

x+3xA+B§4ﬁ—2x—9
X

= X+3=A+B2x-2) (1)

On equating the coefficients of like terms
from both sides, we get

2B=1 = B=il/2

and A-2B=3
= A—2><1=3
_ 2
—" A=3+1=4 (1)
+—;-(2x—2)
[ = dx
I x2*2x—5
ey =4
J’x - 2x -

+—~_[ 22x_2 dx (1)
279 x7=2x-5

On putting x* —2x-5=t = 2x-2)dx=dt
in second integral, we get

1¢d
’*4Ixﬂ1 -1 +“JJ

e

-4] ”2 ()z |0g|t|+C

]
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z4-;|og| x=1-6 I

26 |x—1+\g|

+21|og|x2—2x-5|+C

4 [x-a
et |

+Eiog|x2—2x—5|+C (1)

X& =.q
=—-2mlog‘x_1_\/6|
6 | x-1++6 |

%8. Evaluate jx sin™ x dx. All India 2008C

) Use integratlon by parts -

frescfepcigepos]
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Let = J-x sin~! x dx

Taking x as 1st function and sin™' x as 2nd

function and using the rule of integration by
parts, we get

2 2
1
[=sin' x ~—~I D W
1—}(2 2
2 2
:x—sm‘x-—— e —dx+C (1)
1-x°
2 2
g 1—-x° -1
O I SR R dx
l—x2
2 2
K 1 1- 1 dx
=" sin'x+ — xf-dx —J‘——2

+2l sin”' x — sin”! x] (1)

dx e |
o [P sin
l: 1—x*

2
X at . _ix
andjv‘az—xzd =2 ala® —x* +Z_ sin ’]

2 2 a
=%[x2 sin”! x+§-\;1—x2 ——21— sin”! x] + C

X2

l:~-—5in_1x+i Toil® —lsin‘1x+C (1)
2 4 4

79. Evaluate | x-log |(x +1)ldx. Delhi 2008C
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Let /= [ xlog|(x+1)|dx
11 |

Using integration by parts, we get
I=log |(x+1)| [ xdx

_J[i log|(x +1)] J.xdx:Idx (1

=log|{x+ 1)} — - | — —dx
gl l Jx+1 2
X
=—log|(x+1)|-— | —dx
2 g' | ".x-i—*l
x2l0g|(x+1)[ 1]( 1+—)dx(1‘/)
I _—— - 2
2 | 2 X+ 1
_ . d _
X+1) y2
X2 +x
_X'
—x—1
e
1_

2

X 1

=" log|(x+1)|-—
5 gl | >

2
[-"——x+|og|(x+1)1]+c[-.- ax log[x|]
2 X :

2 2

X X X
= I=—log|(x+1)|- —+ —
2 8l | 4 2

——;-|0g|(x+1)| +C

3 rzlj(x2~1)||og|{x+1)|_x—2+5+c (1%)
2 42

6 Mark Questions

80. Eva!uate_[ L

sin® x + sin® x cos? x + cos” X
All India 2014

dx.
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? Firstly d!wde numerator and denommator by
cos*x to convert integrand in terms of tanx and
then put tanx=t and convert integrand into |
standard form which can integrate easily. |

-
let /= [——s—s — dx
Sin” X4 SIN” X COS™ X+ COS X

On dividing numerator and denominator by-
cos” x in RHS, we get

4
i sec
I=[— S—dx (D)
“tan' x+tan“ x +1

. 2 2
_ (sec” x) (sec” x) dx )

Ytan? x +tan® x + 1

Put tan x =t = sec” x dx = dt and

sec’x=1+tan’ x=1+t? (1)
1
2 1+2
I8 L PO
t" +t°+1 2 4 '2+1
t
141
2
= 1=j L. (1)

Get More Learning Materials Here : & m @) www.studentbro.in



Again, put u=t-—%=>[1'+j2h)dt:du
t
du
I={-
Ju2+<\/§)2
= ]= —tan™! —u—)+C (1)
NE) V3
(1)
Y L i
= [=-—tan | —= |+ C u=t-—-
Fe e [
\ /
2_
R el
V3 | V3t
1 _1(Itan2x—1
= J=—tan"' |— + C [t = tan x]
V3 \\f?;tanx]

(1)

81. Evaluate jh/cot X + y/tan x) dx.

All India 2014; Delhi 2010 C
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Let | = J [\/cot X + Jtan x] dx

= I Jtan x (1+ cot x) dx

Put tan x = t% = sec? x dx = 2t dt
2t
O i
1+ tan’ x=sec? x = 1+t = sec? «]

] 2t
I=] t]T+ — dt

t+1
= f—zj 2 +1 %))

or dx =

(1)

On dividing numerator and denominator by
t? in RHS, we get

i DO
(=2 >l dt=2 L d )
(t +'t"z') (—:) D

Again, putt—-%-y:(H )dt dy
: E

=)
'[y L (20
SN l=ﬁtan1% (1
h ] i
=2 tan™ it [ =r--](1)
V2 4 t
\/_ (tz—'l
= /2 tan™ +C
kﬁt}
(
1| tanx =1 2
2 tan™' +C [t°=tanx
“/Ztanx} [ ]

(M
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1
. Evaluate dx.
82 jcosf+ X +sin® x All India 2014

1
cos? x + sin? x

Letlzj dx

On dividing numerator and denominator by
cos” x in RHS, we get

4 2 2
j,:J- sec : ol s !=J-(sec x)(szeczx)dx
T+ tan” x 1+ (tan” x)
2 2
N I:__.[ sec” x (1 +2tam2 X) e )
1+ (tan” x)
Put tanx=t = sec’xdx=dt
2
l=j1+t dt ()

1a™

Again, dividing numerator and denominator
by t* in RHS, we get

1 1
S Ve
;=J' t dr:j " dt (1)
.. 1\
t +"2“+2—2 (t—”) +2
t t
Put t—J:u
t
= (1+—15)dt=du (1)
t
du
Then, =
J.U2+(\/5)2
(U
= J|=——tan™ ——)+C
2 V2
/
1 t“g 1
= [=—tan | —|+C |'vu=t—-—-|(1)
42 2 [ t]
\
1 4(&2—}
Y 2t
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BTE N, TR

1 . _ftan?x—1
= |=—tan™' U el +C [t =tanx]
\E ﬁ tan x
(1
2
83. Flnd dx.

j (x? + ) (x* +4) Delhi 2014C
|03 Firstly, put x> =t and apply partial fraction to
* convert integrand into some standard form

Wwhichcanintegrateeasity. |
2
[
(x“ +D(x" + 4)
Let x* =t, then
t A B .
— + ik}
E+NEt+4 t+1 t+4
e t=At+4) +Bit+1)
¥ t=(A+Bt+4A+B (1)
On comparing the coefficients of like powers
from both sides, we get
A+B=14A+B=0 (1)
On solving these equations, we get
A=—l and B=i (1
3 3
From Eqg. (i), we get
1 4
A (1)
t+Dt+4 t+1 t+ 4
S ———J
(x“+Dx*+ 4 X +1
. dx [-x2 =t (1)
3 I x* + 4
W E YT
3 3 2
[ ,[ 1 2 tha - X] (1)
“+a* a a
wd
sin/x —cos V/x
84. Find dx,xe[0,1]
jsm 1 Jx +costx
All India 2014C
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%) Firstly, use the identity sin'6 + cos_lﬁﬂg to |

convert integrand in terms of sin™* only. Then
_integrate by using substltutton '

. _[ sin”'vx — cos ™' x
sin”' Vx + cos ' Wx
We know that, sin™" Jx + cos™' Vx =m/2

i T
= cos”! x=5—sm’x/;

sin~14/x — [-n— —sin™ \/;]
= j : dx

/2

2sin~"x="

2 dy = 3][2 sin“«/;c—ﬁ)dx
T _ 2
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=jjsin'1\/§dxﬁj1dx=—i~jsin'1 Vxdx — x

L

O . TR )
T

where, |, =Isin"1 Jx dx
Put x=tz = x=t> and dx=2tdt
f1:jsin“’tztdt:z_[sin“t-tdt

—dt (1)

2
=2|isin'1t't—-
2 T 1-t?

[using integration by parts]
2 2
[ deme2sin - [O2 D g,

J1-t° 1-t?
5 . _ 1
2 1 2
=tZsin't+ [vi-t?dt - dt (1)
J J«H—tz
g O
=2gin "t + in~ in~'t

+—sin”'t = sin
2 2

(t2—1]sin1t+1r [ 4)
g, 9

S

= %[(ZX —1)sin”' Vx + Vxy/1—x]
=~1—[(2x—1)sin_]\/;+v><—x2] (1)

On putting the value of I, in Eq. (i), we get
J-sm ot~ 1\/_
sin”' Vx + cos™ 1\/—
=i-[(2x—1)sin*‘Jx+\/x—x 1-x+C (1)

2 +x+1

. Find dx.
e Fin j (x+2)%(x +2) " Delhi 2014C
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dx

J~ 5 L 3
(x+1D%(x +2)

2
The integrand i +2x+1 is a proper
i+ 0e+2)

rational function.

X2+ x+1 A B C .
: = + 2+ i1}
x+D(x+2) x+1 (x+1 X+ 2

(1
= x> +x+1= Ax+ DX +2) +Blx+2)
+Che+1)
= x>+ x+1=AX* 4+ 3x+2) + B(x + 2)
FCOHE +2% + 1)°

= X2+ x+1=(A+Ox* + 3A + B+ 20)x
+2A+2B+C)(1)

On comparing the coefficients of like powers

from both sides, we get (1)

A+C=13A+B+2C=1and2A+2B+C =1

On solving these equations, we get (1)

A=-2,B=1andC =3
From Eq. (i), we get

x4+ x+1 ~3 1 3

== + + (1)
x+D3x+2) x+1 (x+12 x+2

2
) J X +2x+1 T de
(x+1)(x+2) X+1

dx dx
+ +3
Ju+n2 Iu+2)

— _2log|x + 1| —— + 3log|x + 2|+ C (1)
X+1

2 2
; Vx%+1(log(x” +1) —2logx)
B8 Fib j % All India 2014C
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[ 2 2 3
Let=:’J x* + 1flog(x 4+1) 2 log x] i
X

2
Vx2 +1 Iog[{c ;H]
X

=j 7 dx

[ logm — alogn = log _n%] (1)
n

1 1
X, |1+ : Iog[H “2)
X X
dx (1

X4
e Togfre 1)
_ J Vo X x? dx
x3
1 -2 dx dt
Putl+ — =t, then —dx=dt = —=——(1)
2 . 22

.
s I=——]A+tlogtdt
2jxfog

] £3/2 32 4
=——|logt x - R 4
2 losex G- [

32 732
[using integration by parts] (1)

=—--;—[tmlogt-_[w/fdt]-

3 3/2

= —ltm\ilogt - g] +C
3 3

3/2
:'—%(*le] [Iog(l—r%)—z]wtC
X X

1
wt=1+—| (1
{ +x2](}

I Delhi 2012

1 5 £3/2
=—-—[t"logt —— |+ C (D

(98]
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\> F1rstly, put x=sint and then use mtegratmn by
* parts and sxmphfy it.

X sin~ x
Let =
j 1/1*}(
Put sin“'x=t = x=sint
o -J-—z dx = dt (1%)

lz_[tsintdr

Using integration by parts, taking t as the first
function and sint as the second function,
we get

!:tjsintdt-J-IZ% (t)-Jsintdt:ldt (1%%)

= I=—tcost-j{1><—cost}dt
:—tcost+jc05tdt
— |=—tcost+sint+C (112)

= Izutwfll—sinztd—sint-{-(ﬁ

[- cost=1- sin®t = cost = v1— sin’t]
[=—sin"'xy1-x* +x+C

[.o t=sin"' xand x=sint] (1%)
2
88. Evaluate | ( "1):(1 S Delhi 2012
X — X+
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P Using partial fraction, such that : |
e 1 A, B ¢

(x—a)? (x+ bi (x—a) (x-a)* " (x+ b)

and then integrate it to get the desired result.

2
Let I:j X 2+1 dx
(x -1 (x+3)

Again, let
| . = A , — 'B"'E + £ Moxe)
x—-1Nx+3 x-1 (x=1) X+3

X2 +1
=

(x—l)2 (x + 3)

A= (x+3)+Bx+3)+Cx=17
- (x—1)2 (x +3)
= x> +1= Alx = 1)(x + 3) + B(x + 3) + C(x = 1)°
= xX°+1=AX*+2x-3) +B(x +3)
+ Clx? +1=2%)
= X +1=(A+0O) x* + 2A+B-20) x

+(-3A+38+ ()
On comparing the coefficients of x?, x and

constant terms from both sides, we get

A+C=1 (i)
—3A+3B+C =1 L(iv) (1)

On multiplying Eq. (iii) by 3 and subtracting it
from Eq. (iv), we get

—-9A+7C =1 .. (V)

On multiplying Eq. (i) by 7 and subtracting it
from Eq. (v), we get

-16A=-6 -..(vi)

8.2 (1)

16 8
On putting A = é’_ in Eq. (ii), we get
3 5

iJr‘C:1 = C=1-—==
8 8 8

3 v B o
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On putting A = é and C = E in kqg. (1), we get

1
§—+B—§-:O=>B—%=0 = B=g=—
4 4 4 4 2

Thus, f‘-‘\:E,leandC=E (1)
8 2 8

Eq. (i) becomes
x? +1 3/8 12 5/8
2 = * 2t
(x—1?(x+3 x-1 (x=-1)° x+3
On integrating both sides, we get
2

= J‘ X 2+ 1 - E dx

(x-1"(x+3) 87 x-1

(1

1 dx
+EJ (x=1)? d’[ X+3

3 1 -1
== ~1+=|— +—-Io x+3|+C
—log 1] 2[ 1] ~ log|x+3]

1
2(x—1)

Hence, I=§Eog|x—1i—

+§Iog[x+3|+C(1)

ex+7 i
- 5) (x - 4) All India 2011

89. Evaluatej \f(x

? If the mtegral is of the form I g+ d

dx,

f\/ax +bx+ ¢

then we take gx + d=A-—:—(ax +bx+c)+8B
X
and then integrate it.

Letlz_[ F(6x+ 7)dx NS j (6x + 7)dx
VJx=>5) (x \/x -9x+20
Here, (6x + 7) can be written as

6X + 7=A~—d—(x2—9x+20)+8
X
=> 6x+7=A2x-9)+B LD (1)

On comparing the coefficients of x and
constant terms from both sides, we get

2A=6 = A=3 and -9A+B=7
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= -93)+B=7 [o A= 3]
= -27+B=7

& B=34 (1)
On putting the values of A and B in Eq. (i),
weget 6x+7=32x-9) +34

. Given integral can be written as

’=_[ 32x-9)+ 34 o
\/xz —9x + 20
:;:3[ X1 dx+34j dx
\/x2-9x+20 \/x2—9x+20
= =3/, + 34, (i) (1)
where, /, =J. X9 dx
-JXZ - 9x + 20

Put x*-9x+20=t = 2x-9)dx=dt
dt ~1/2 12 I
L=|==1t dt =2t"° =24t
‘ IJE J

=2 x*=9x+20  ..(ii) (1)

and ’2:-[ dx
Jx? = 9x + 20
; dx
- iz:f\/z 81 81
x2 —9x+20+ 20 = 2
4 4
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d ,
[ j \/——);——i——a? =log|x +Vx° - azq (1)

On putting the values of /; and I, from Eqgs. (iii)
and (iv) in Eq. (ii), we get

[ =3Q24/x2 = 9x + 20)

+34[Iogi (xz)+\(](x-g—)2—% i]+C
. 1=6yx2 = 9x + 20

| 2
+34log| x—z+\/(x—§) —i |+C (1
| |

9(. Evaluate J

x2+x+1
(x+2)(x*+1) Al ndia 2009C
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4 ? Flrstiy use the method of partial fractlon and
~© thenintegrate it.

2

Let I=J. X+X2+T dx
x+2)(x*+1
2
Again, let X ] ——u-ﬁ— §x+q(1)

x+2)(x2 +1) x+2  x2+1

AR+ 1)+ (Bx+O) (x +2)

- (x+2) (X2 +1)
DX+ X+1= AN+ U +Bx T iix+2) ...()
=X+ Xx+1=(A+B)x> +(C +2B)x+ (A + 20)
On putting x = - 2 in Eq. (i), we get
4-2+1=A4+1)+0 =3=5A = A=3/5

On equating the coefficients of x* and
constant terms, we get
- A+B=t1 (1)
A+2C =1 - ..(ii)
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On putting A= % in Eq. (ii), we get

34pt = Bei-tal
5 5
On putting A =§ in Eq. (iii), we get
§+2C=1 — 2C=1—§
5 35
=y 2C=2/5 = C=1/5 (2)
2x+1--
3/5 b b g ()
xX+1
3 dx xdx
SJx+2 jx+1 wjx+1
Put x> +1=t =>2xdx—dt
oy — | = ———~——(1)
'[x+2 t J.()wc) +(1)

+31—tan"x+ C (1)

tan® x
91. Evaluatej Ll B 3n ax.
1+tan” X Hots; Delhi 2009C
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Firstly, simplify the given |ntegrand in mutual Ieve!
and then apply the method of partial fractlon
after that integrate it and get the desired result. |

3
+
Letl=!tanx tan xdx
1+tan3x
tan x(1+ X tan x sec?
_J~ n x(1+ tan? )d J‘ : de
1+ tan’ x 1+ tan” x

[ 1+ tan® x = sec® x] (1)

Puttanx =t => sec® xdx =dt

o tdt
1+t
[ (a +bY) =(a+b) (@ —ab+b?)
=I tdtz 1)
A+ 0+t° =1t
Let t A 5 Bt+ L

A+ 0+t2 -0 1+t t2—t+1

= t= A2 -t+D+Bt+CO)A+1)
= t=(A+B?+(-A+B+Ot+(A+C)

On putting t = -1, we get
-1=A01+1+1)+0
= A:j

3

On equating the coefficients of t? and
constant terms from both sides, we get

A+B=0
= ~“3—1+B=0:>B:% and A+C=0
oy sl = e ()
3 3
'l
| = el dt
'[ 1+t j —t+1
:___ at _J‘ t+1
1+t t2 t+1
_ 1 at 2t—1+3
1+f' t+1
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2t —
:_1 _dt__}_l-[ t ] dt

3914t tZ—t+1
‘ dt
+§“I 7 @
O B Bl =
4 4
Let z=t"—t+1
=507 = (2£ - 1)dt in middle integral, we get
dt
!=—— ——+—|—dz
1+t j I[ ‘I) 3
t— |+
2) 4
:>I——1Iog|1+t\+liogz
3 6 3
1
+—J 2t 5 (1)
s K
= I g o
2 2
1 | 1 5
=——log|1+ tanx |+ —log(t” —t+1)
3 6
1
Y LY I
— - —= tan~ + C [ t=tanx]
V3 3/
2

1 1 -'
=— 5!0g‘1+tanx‘ + glog'tan;lx«— tanx+1|

)+ c@

1 1{2tanx -1
+_tan1(-——
V3 V3
e
92. Evaluatej ; dx.
X+ xt+1 HOTS; Delhi 2008C
et J= | —————l = —
J.x4+>¢ +1 J.4+x +1
1 pa s b w? -1
= I== dx
2'[ x"'+x2+1
2
= I:lj. X +,,,1__dx ‘[ Xl
24 5% % +1 2 < 5% 8t
1 1
= I==5L+-1 :
yht5h () (1)
5 .
where I = Ax _';1 - dx
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v X E X

On dividing numerator and denominator by
x°, we get

R (1)
1 JX“+¥2+1
ol
T3 12)
=3 ',1:]. A 1 dx
(21 )
X
&
= I—I 2x dx
(x—!) +241
X
1+—TE-
Y =l — X dx (1
2
[x—‘) +(/3)2
X
Put X——=t = (1+l2]dx=dt
X X

XV 3
2
)=
and Iy = dx
; J‘x4 +x2 +1
On dividing numerator and denominator by
x%, we get

o) i
o f x5 P ; ¢ (_x2)
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dx 1 X—a
Iz 2= lo
X“—a 2a X+ a
1 ]t—1[
g = (
2% g|t+1| +
d )
1 x+--1— — 1
=—I0gl‘ X¢ '.'t=x+1
( TN X
Xx+— |+
\ X )
1I x2+1-—x|
=—Og 3
x“+1+x|

Now, on putting the values of /; and /, in
Eq.(i), we get

/ 1 1 -1 Xz‘—‘l\
=—-—tan" | Z—
2 \/5 X‘\/E)
2_
+-1~-1|og —-«——~—x2 x+1|+C
2 2 | x“+x+1]
1 b5 —1
[=— %
2\5 [x 3]
1 .
+ —log xz x+1|+C(1)
4 7| x*+x+1]

Note In this type of integral, we cannot use the
method nf nartial frartion diracth,

Get More Learning Materials Here : & m @) www.studentbro.in



